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Quantum computing with qudits: states

• State space → d-dimensional Hilbert space:

H = L2(Zd) ∼= Cd

|ψ〉 ∈ H ⇐⇒ |ψ〉 =
∑
x∈Zd

cx |x〉

• d is prime =⇒ Zd is a field, hence the name F-flow
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Quantum computing with qudits: gates

• Pauli gates

Z |x〉 = e
i2πx
d |x〉 = ωx |x〉 X |x〉 = |x + 1〉

generic Pauli  X aZb for a, b ∈ Zd

• Hadamard gate

H |x〉 =
∑
k∈Zd

ωkx |x〉 and HZH† = X

• Controlled phase or CZ -gate

Ew |x〉 ⊗ |y〉 = ωwxy |x〉 ⊗ |y〉 for w ∈ Zd
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Gate teleportation protocols

|ψ〉
E

U H

|0 : X 〉 X−m HU |ψ〉

|0 : X 〉
E

U

|ψ〉 Z−m Ũ |ψ〉
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Quantum computing with qudits: measurements

• Paulis are not self-adjoint

• For qudits, the Bloch “sphere” does not have a nice geometry

• Measurement space: let Q be a Pauli, then

M(Q) := {M fixpoint unitary | QM = ωMQ}

• If M ∈M(Q), then M has d eigenvalues, and Q |k : M〉 = |k + 1 : M〉.
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MBQC protocols

|ψ1〉
Ew1

M(Q1) m1

|0 : X 〉
Ew2

|0 : X 〉
Ew3

M(Q2) m2

|ψ2〉
Ew4

M(Q3) m3

|0 : X 〉

• Problem 1: runnability?

• Problem 2: determinism?
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Open graph states

|ψ1〉
Ew1

M(Q1) m1

|0 : X 〉
Ew2

|0 : X 〉
Ew3

M(Q2) m2

|ψ2〉
Ew4

M(Q3) m3

|0 : X 〉

w1

w2

w3

w4

9



Open graph states

|ψ1〉
Ew1

|0 : X 〉
Ew2

|0 : X 〉
Ew3

|ψ2〉
Ew4

|0 : X 〉

w1

w2

w3

w4

9



Open graph states

|ψ1〉
Ew1

M(Q1) m1

|0 : X 〉
Ew2

|0 : X 〉
Ew3

M(Q2) m2

|ψ2〉
Ew4

M(Q3) m3

|0 : X 〉

w1

w2

w3

w4

9



Graph states (cont.)

|ψ〉
E

M(Z )

|0 : X 〉 X−m

l
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Graph states (cont.)

|0 : X 〉
E

M(X )

|ψ〉 Z−m

l
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Measurement errors

Q−m

〈m : M| = 〈0 : M|Q−m

measured in M(Q)
with outcome m
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Corrections

1. '

Xm
∏

neighbours

Zm |G 〉 = |G 〉

Xm

Zm

Zm

2. '
λ

Z (−a)

X (−a)

X (−b)Z (−b)

Z (a + λb)

λ
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F-flow (simplified)

The open graph G has an F-flow if there is a lower triangular (square) matrix C such

that AGC is lower triangular.
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F-flow: an example

a

c

b


0 0 a 0

0 0 b c

a b 0 0

0 c 0 0


︸ ︷︷ ︸

AG


0 0 0 0

0 1 0 0

a−1 0 0 0

0 0 0 0


︸ ︷︷ ︸

C

=


1 0 0 0

ba−1 0 0 0

0 b 0 0

0 c 0 0


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Main results

Theorem

Suppose an open graph state has F-flow, then the corresponding MBQC is runnable

and robustly deterministic. Furthermore, for a given choice of measurements, it

realises a partial isometry H⊗I → H⊗O .

Theorem

If F = Z3, and the MBQC is runnable and robustly deterministic, then the underlying

open graph has a Z3-flow.
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Auxiliary results

• A poly-time algorithm for finding an optimal-depth F-flow for an open graph

whenever it has one.

• Some results on manipulating open graphs with F-flows: connecting F-flows,

deleting vertices, local-Clifford operations.

• (Ancilla-less extraction algorithm when all the measurements are M(Z )).
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Future work

1. Ancilla-less circuit extraction algorithm for all measurement spaces.

2. Pauli F-flow?

3. Other rings?
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Thanks for watching!
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F-flow (full)

Definition

(G , I ,O, λ) has an if there exists C ∈ FV×V and a permutation matrix Q ∈ ZV×V
2

such that

1. ∀u ∈ Oc , λ(u) = (Cuu, (QGQ
TC )uu);

2. Cuv = 0 whenever u ∈ I or v ∈ O;

3. C and QGQTC are lower triangular.
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