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Quantum computing with qudits: states

e State space — d-dimensional Hilbert space:
H =1%Z4) = C?

W) eH = )= &lx)

XEZLy

e dis prime = Zg is a field
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Quantum computing with qudits: gates

e Pauli gates
27X

Zix)=e 7 |x) =wi|x) Xx)=|x+1)
generic Pauli  ~ X?Z% for a,beZy

e Hadamard gate
Hix)= > w*|x) and HZH' =X
kEZqy

e Controlled phase or CZ-gate

Elx)®ly) =w?|x) @|y)

e These gates are not self-inverse

(X229 =1,  H'=1yx  E9 =1lyen. 6



Gate teleportation protocols
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Quantum computing with qudits: measurements

e Paulis are self-adjoint, therefore do not in principle represent measurable
quantities

e For qudits, the Bloch “sphere” does not have a nice geometry

o Measurement space: let Q be a Pauli, then

M(Q) = {M fixpoint unitary | QM = wMQ}

Lemma
If M € M(Q), then M has d eigenvalues, and Q |k : M) = |k +1: M).

Lemma

M,N € M(Q) if and only if there is U € SU(d) such that M = UNU' and
furthermore [U, Q] = 0. 8



Measurement patterns

A measurement pattern on a register V' of qudits is a V-indexed sequence of
commands taken from:



Measurement patterns

A measurement pattern on a register V' of qudits is a V-indexed sequence of
commands taken from:

e N, : initialisation of a qudit v in the state |0 : X) = H |0);



Measurement patterns

A measurement pattern on a register V' of qudits is a V-indexed sequence of
commands taken from:

e N, : initialisation of a qudit v in the state |0 : X) = H |0);

° ES‘,V . application of E* on qudits v and v for some \ € Zy, with u #v;



Measurement patterns

A measurement pattern on a register V' of qudits is a V-indexed sequence of

commands taken from:
e N, : initialisation of a qudit v in the state |0 : X) = H |0);
° ES‘,V . application of E* on qudits v and v for some \ € Zy, with u #v;

e X and Z" : Pauli corrections depending on the outcome m, of the

measurement of v € V.



Measurement patterns

A measurement pattern on a register V' of qudits is a V-indexed sequence of

commands taken from:
e N, : initialisation of a qudit v in the state |0 : X) = H |0);
° ES‘,V . application of E* on qudits v and v for some \ € Zy, with u #v;

e X and Z" : Pauli corrections depending on the outcome m, of the
measurement of v € V.

° /\/lﬁ’b(g) : measurement of qudit u in the measurement space M(X?ZP) with
angles 0



Open graphs
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Vincent Danos, Elham Kashefi, and Prakash Panangaden. “The Measurement Calculus”. In: Journal
of the ACM 54.2 (Apr. 2007), 8—es.

10



Open graphs
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Teleportation, graphically
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Rotation-gadget, graphically

|0: X) — A=
1) z—m U |y)
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Outcome determinism
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Outcome determinism

Prpr— > Aa(0)pAs(0)"

mezg*

e A measurement pattern is said to be deterministic if the output does not depend
on the outcomes of the measurements.

e It is strongly deterministic if all the maps in its Kraus decomposition are equal up
to a phase.

e It is robustly deterministic if it is uniformly and stepwise strongly deterministic.

13



Open graphs
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Vincent Danos, Elham Kashefi, and Prakash Panangaden. “The Measurement Calculus”. In: Journal
of the ACM 54.2 (Apr. 2007), 8—es.
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Flow conditions, graphically



Measurement errors

measured in M(Q) Q—m

with outcome m

(m:M|={0:MQ™
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Corrections
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F-flow (simplified)

K

The open graph G has an F-flow if there is a lower triangular (square) matrix C such
that AgC is lower triangular.

0 0 a O
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b a b 00
o O 0 c 00
C
Ac
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F-flow (simplified)

K

The open graph G has an F-flow if there is a lower triangular (square) matrix C such
that AgC is lower triangular.

00 a0 0 00 0 1 000

.1}3 00 b c 0 100 |bal 000

b ab0ooOflat0O00| | 0 HOO

‘?O 0 c 00 0 00O 0 ¢ 00
Ac C
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F-flow (full)

Definition
(G, 1,0, ) has an F-flow if there exists C € FV*V such that

1. \V/U € OC, )\(U) =S (Cuua (GC)UU);
2. Cy,, = 0 whenever ue | or v e O;

3. C and GC are lower triangular.

18



Main results: necessary and sufficient

Theorem

Suppose an open graph has Zq4-flow, then the corresponding MBQC is runnable and
robustly deterministic. Furthermore, for a given choice of measurements, it realises
an isometry H®' — H®O.
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Main results: necessary and sufficient

Theorem

Suppose an open graph has Zq4-flow, then the corresponding MBQC is runnable and
robustly deterministic. Furthermore, for a given choice of measurements, it realises
an isometry H®' — H®O.

Theorem

If an MBQC is runnable and robustly deterministic, then the underlying open graph
has a Zq-flow.

Theorem

There is a poly-time algorithm that finds an optimal Zq4-flow for an open graph
whenever one exists.
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Proof of converse

1G(8)) — Xy Za() <<m M)l &) <01M(V)) 1G(¢))

veO\{u}

20



Proof of converse

1G(6)) Xl Za() <<m M) Q) (0 M(V)) 1G(¢))

veO\{u}

= XZZit ((X) (0: M(V)) Q' 6(¢))

veO*

20



Proof of converse

1G(6)) Xl Za() <<m M) Q) (0 M(V)) 1G(¢))

veO\{u}

= XZZit ((X) (0: M(V)) Q' 6(¢))

veQO*

— <® 0 : M(v)\) X Za(u) Qi 1G(9))

veQ*

20



Proof of converse

1G(6)) Xl Za() <<m M) @ (0: M(V)) 1G(9))
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= XZZit ((X) (0: M(V)) Q' 6(¢))
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Proof of converse (cont.)

(@ (0: M(v>> X7 Zaa QT 16(6)) = R (0: M(V)|G(6)).

veO* veQe©

Xe(u)Ze(u) Qu’ |G(0)) = |G(9)) -
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Circuit extraction
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Difficulties

e we know how to extract gate teleportations:
B—O-= = (1)
and not much else...

e vertices are not always labelled by (0,1), i.e. the measurement space is not always

M(2);
e the connectivity of general graphs is much more complicated.

The solution: local Clifford operations

22



Local scaling

o=
2

G3w=D¥GD¥ and C°*=D".C
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Local complementation

Gxw =G +7Gly1],,G — 7D,

°

2

o« v
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Local Cliffords simplify MBQCs

these two operations preserve the existence of Zy-flow;

they preserve the semantics of the pattern (up to updating the choice of
measurements);

they act simultaneously on both the connectivity of the open graph and its
labelling;

this action depends on the connectivity itself...

23



The extraction algorithm (informally)

1. Using local Cliffords, we can reduce the graph, so that all labels are either (0, 1)
or (1,0); i.e. measurements are M(Z) or M(X);

2. any vertices connected to the outputs and measured in M(Z) can be extracted

using teleportation;

3. if the only vertices connected to outputs are measured in M(X), then there is a
special procedure to map them to M(Z2).

26



Circuit extraction: an example

(177

(1771)
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Circuit extraction: an example

-1 _10_{ p-1 H p-1 }7 J(—l,Oél) p-1
(%’)
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Circuit extraction: an example

— J(~1,03) [ J(-1,a2) H Pt Bt J(=1,01) [ Pt
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1. improvements to the extraction algorithm;
2. Pauli F-flow?

3. extraction of qudit ZX-calculus diagrams
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Thanks for listening!
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A technical lemma

Lemma

Let |9),|¢’) be two states of a register V' of qudits, @ a Pauli operator and fix some
v € V. If for every measurement M € M(Q,) of the qudit u and every m € Z,4, we
have

(m:M[¢)~(m:M|¢') and |(m:M]|g)ll=—==[(m:M[], (2

Sl

then at least one of the following holds:

L |¢) = |¢'),
2. |p) and |¢) are separable and there are x,y € Zq and [h) € Hy\ qyy Such that

0) =[x:Q), ®[¥) and [¢')=|y:Q), ®), (3)

where |x : Q) is the eigenvector of Q associated with eigenvalue w*. 30
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