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A crash course on quantum theory

• States are vectors from finite-dimensional vector space: H = Cp

|ψ⟩ ∈ H ⇐⇒ |ψ⟩ =
∑
x∈Zp

cx |x⟩

• Transformations m → n are matrices M ∈ Cpm×pn ;

• e.g., Pauli matrices: X |x⟩ = |x + 1 mod p⟩ and Z |x⟩ = e i
2π
p x |x⟩ = ωx |x⟩

• Effects are functionals on H: ⟨ϕ|−⟩ for some ϕ ∈ H;

• p is prime =⇒ Zp is a field.

Disclaimer: We accept no responsibility for any damages (bodily or otherwise) or loss of funding incurred as a

result of the inaccuracies of this slide.
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The ZX-calculus

Miriam Backens et al. “There and Back Again: A Circuit Extraction Tale”. In: Quantum 5 (Mar. 25, 2021),

p. 421. 3



Applications

• Optimisation and compilation of quantum circuits:

• Ross Duncan et al. “Graph-Theoretic Simplification of Quantum Circuits with the

ZX-calculus”. In: Quantum 4 (June 4, 2020), p. 279

• Aleks Kissinger and John van de Wetering. “Reducing T-count with the

ZX-calculus”. Jan. 17, 2020

• Improved simulation of quantum systems:

• Aleks Kissinger, John van de Wetering, and Renaud Vilmart. Classical Simulation of

Quantum Circuits with Partial and Graphical Stabiliser Decompositions. Feb. 18,

2022

• To pass between different models of quantum computation:

• Miriam Backens et al. “There and Back Again: A Circuit Extraction Tale”. In:

Quantum 5 (Mar. 25, 2021), p. 421

• ...and many more: zxcalculus.com !
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The stabiliser fragment

• Recall the qubit stabiliser fragment:

Pauli states + Clifford unitaries + Pauli effects

• The Clifford group on n qupits is the normaliser in U(H⊗n) of the group of Paulis:

UX aZbU† is a Pauli

• In odd prime dimensions, the Clifford group is a representation of

ASymp(Z2n
p )⋊ T

Symplectic matrix + Translation + Global phase
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Qubit stabiliser ZX

Miriam Backens. “The ZX-calculus Is Complete for Stabilizer Quantum Mechanics”. In: New Journal of

Physics 16.9 (Sept. 17, 2014), p. 093021.

Tommy McElvanney and Miriam Backens. Complete Flow-Preserving Rewrite Rules for MBQC Patterns with

Pauli Measurements. May 4, 2022.
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Qutrit stabiliser ZX

Quanlong Wang. “Completeness of the ZX-calculus”. PhD thesis. Oxford: Oxford University, 2018.
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Qutrit stabiliser ZX

Quanlong Wang. “Completeness of the ZX-calculus”. PhD thesis. Oxford: Oxford University, 2018.
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Generators of the calculus

x, y
m
... n

...
x, y

m
... n

...

...for m, n ∈ N and x , y ∈ Zp.

Sequential composition is given by connecting output wires of one diagram to the

input wires of another, and parallel composition by vertical juxtaposition of diagrams.
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Standard interpretation

s
x, y

m
... n

...

{
=
∑
k∈Zp

ω2−1(xk+yk2) |k : Z ⟩⊗n ⟨k : Z |⊗m

s
x, y

m
... n

...

{
=
∑
k∈Zp

ω2−1(xk+yk2) |−k : X ⟩⊗n ⟨k : X |⊗m

J K⇝ Fourier gate
r

1, 1
z
⇝ Phase gate

t |

⇝ Controlled-Z gate

The calculus is universal for the stabiliser fragment in dimension p.
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Structural axioms

=D ..
.

..

.
..
.

D..
.

..

.

..
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= == =

=σ

g g..
. ..

. ..
.

..

.

..

.

..

.

..

.

..

. ..
...

.

The calculus is flexsymmetric!
Titouan Carette. “Wielding the ZX-calculus, Flexsymmetry, Mixed States, and Scalable Notations”. Theses.

Université de Lorraine, Nov. 2021.
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Scalarless axiomatisation

=
(G-Elim)

=
(R-Elim)

≈
(Char)...p

≈
(Bigebra)

≈
(Shear)

≈
(Mult)...z

=
(Fusion)

a, b ...
...

c, d ...
...

a+c,
b+d

...

...

...

...

0, z91

0, z

0, z91

a, 0
≈

(Copy)
a, 0

a, 0

a, b
=

(Colour)...
a, b...

...
...

≈
(M-Elim)...z

a, b 9z91a, z92bc, da, 0 a, 0 c + ad , d

12



Main results

This calculus is sound and complete for the stabiliser fragment in any odd prime

dimension.

...and a bunch more things I don’t have time to talk about.
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Future work

• Cleaner/simplified axiomatisation and normal form

• Complete ZX-calculi for all of quantum theory in prime dimensions?

• Complete ZX-calculi for stabiliser theory in non-prime dimensions?
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Thanks for listening!
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Full axiomatisation

=
(G-Elim)

=
(R-Elim)

=
(Char)...p

=
(Bigebra)

=
(Shear)

=
(Mult)...z

=
(Fusion)

a, b ...
...

c, d ...
...

a+c,
b+d

...

...

...

...

x, y

=
(One)

=
(Zero)z, 0 z, 0

0, z91

0, z91

0, z

0, z91

a, 0
=

(Copy)
a, 0

a, 0

( )⊗z

a, b
=

(Colour)...
a, b...

...
...

( )⊗p

=
(M-Elim)...z

a, b 9z91a, z92b

( )⊗z91

c, da, 0 a, 0

c, 0
a, 0

c + ad , d

9291, 0

da2, 0

0, z 0, 1

( )⊗χp(z)

=
(Gauss) ⋆ ⋆

⋆
=

(M-One)

0, 1

=
(Neg) ⋆

if p ≡ 1 mod 8

0, 1

=
(Pos)

if p ≡ 5 mod 8



Mixed states and the CPM construction

• Straightforward extension to a complete axiomatisation for mixed stabiliser states

using the discard construction.

• An alternative interpretation in terms of affine co-isotropic relations over Zp,

which is sound and complete:

ZXp AffCoIsoRelZp

CPM(Stabp) CPM(Stabp)/(Scalars)

[−]

J−K

Titouan Carette et al. “Completeness of Graphical Languages for Mixed State Quantum Mechanics”. In:

ACM Transactions on Quantum Computing 2.4 (Dec. 21, 2021), 17:1–17:28.

Cole Comfort and Aleks Kissinger. “A Graphical Calculus for Lagrangian Relations”. May 13, 2021.
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An axiomatisation for affine Lagrangian relations over any field

=
(G-Elim)

=
(R-Elim)

=
(Char)

=
(Bigebra)

=
(Shear)

=
(Euler)

=
(Fusion)

a, b ...
...

c, d ...
...

a+c,
b+d

...

...

...

...

0, 1

0, 1

0, 1

a, 0

=
(Copy)

a, 0

a, 0

a, b z

z

z

z

=
(Colour)...

za, z2b...
...

...

c, da, 0 a, 0 c + ad, d

1

ba -ab

a

a

a + b =
(Prod)

=
(Sum)

=
(Zero)

z, 0 z, 0

a, b

=
(One)

For any a, b, c, d ∈ F and z ∈ F∗,

0



Axiom for affine shears

=
(Shear)

c, da, 0 a, 0

c, 0
a, 0

c + ad , d

9291, 0

da2, 0

[
1 0

d 1

]([
x

y

]
+

[
0

a

])
=

[
1 0

d 1

][
x

y

]
+

[
ad

a

]



Axioms for multipliers

≈
(M-Elim)...z

a, b 9z91a, z92b
|k⟩ 7→ |zk⟩

≈
(Mult)...z

0, z91

0, z91

0, z

0, z91[
z 0

0 z−1

]
=

[
1 z−1

0 1

][
−1 0

−z −1

][
1 z−1

0 1

][
0 −1

1 0

]



Scalar axioms

x, y

=
(One)

=
(Zero)z, 0 z, 0

0, z 0, 1

( )⊗χp(z)

=
(Gauss) ⋆ ⋆

⋆
=

(M-One)

0, 1

=
(Neg) ⋆

if p ≡ 1 mod 8

0, 1

=
(Pos)

if p ≡ 5 mod 8



Syntactic sugar for multi-edges

m + 1 :=
m

0 := and

x x:=

...xx =
( )⊗x91

Multipliers are not flexsymmetric!
Fabio Zanasi. “Interacting Hopf Algebras: The Theory of Linear Systems”. PhD thesis. Ecole Normale

Superieure de Lyon, May 4, 2018.



Syntactic sugar for multi-edges (cont.)

= 91

x y = xy z91 = z

x

y
= x + y

= 1 p = 0

Multipliers are a presentation of the field Zp!



Weighted Hadamards

x := x

x = x

=x
...x

( )⊗x91

Alex Townsend-Teague and Konstantinos Meichanetzidis. “Classifying Complexity with the ZX-Calculus:

Jones Polynomials and Potts Partition Functions”. Mar. 11, 2021.



Weighted Hadamards (cont.)

Weighted Hadamards are flexsymmetric:

=x x

x xx= =



Weighted Hadamard equations

yx = -xy -1

=9xx x x x = 9x

x

y
= x + y

0 = 1 =


	Appendix

