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Noise in quantum hardware
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The fault-tolerant compilation problem

At the very least, we need to be able to implement the following operations:

• code initialisation

• syndrome measurements

• classically-controlled corrections

• logical operations

...and we need to do all of this fault-tolerantly!

3



Stabiliser Programming Language

More pragmatically, we want to be able to reason about the fault-tolerance properties

of a simple programming language for stabiliser quantum mechanics:

c, d ::= c ; d |
classical︷ ︸︸ ︷

init x | y=A∗x | disc x |
quantum︷ ︸︸ ︷

qinit x | x∗=U

| meas x︸ ︷︷ ︸
measurement

| ctrlP x y︸ ︷︷ ︸
classical control

We give denotational semantics tailored to stabiliser fault-tolerance, with the

long-term goal of supporting the development of

• invariants of fault-tolerant programs

• program synthesis and optimisation under fault-tolerance

• formal methods for fault-tolerance
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The stabiliser theory

Stabiliser codes

Subgroups of the Pauli group on n qubits that do not contain −1 are in bijection

with subspaces of C2n called stabiliser codes.

The code is given by the subspace of states such that

|ψ⟩=|ψ⟩
Z
Z

X
X

for all elements of the stabiliser group.
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Stabiliser states (∼codewords)

Stabiliser states

When the stabiliser group is maximal, the associated code is 1-dimensional, i.e. it is

a stabiliser state.

For example, the Bell states are stabiliser states:

=
X

X
and =

Z

Z
!

Stabiliser theory

The stabiliser theory has as processes those initialisations, transformations, and

measurements that map stabiliser states to stabiliser states.
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Semantics overview

pure QM mixed QM QM with classical types

FdHilb MatAlgCP FdC∗-AlgCP

|ψ⟩ ρ ρ⊗ d

CPM construction split †-idempotents

Peter Selinger. “Dagger Compact Closed Categories and Completely Positive
Maps: (Extended Abstract)”. In: ().
Peter Selinger. “Idempotents in Dagger Categories”. In: ().
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Pauli pushing in all its forms

Pauli pushing Pauli webs = stabiliser flows

Pauli propagation Lagrangian relations

X
=

X

X
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Pure stabiliser processes

We can therefore define a compact-closed category of stabiliser processes—those

whose name is a stabiliser state:

=

op
Z
Z

X
X

Z
Z

X
X

Z

op

Cole Comfort and Aleks Kissinger. “A Graphical Calculus for Lagrangian
Relations”. In: (visited on 06/19/2023).
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Pure stabiliser processes

We can therefore define a compact-closed category of stabiliser processes—those

whose name is a stabiliser state:

op = op
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Z
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Semantics overview

operational denotational

pure stabiliser theory affine Lagrangian relations

mixed stabiliser theory affine coisotropic relations

stabiliser theory with classical types affine relations with symplectic modality

CPM construction CPM construction

split †-idempotents split †-idempotents
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Semantics of trace

=X Z

⇝ the trace is just a discard!
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Semantics of trace

=X Z

⇝ the trace is just a discard!
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Semantics of measurements

meas =Z meas

meas =X meas ¬

⇝ maps the 2-dimensional space of red/green tokens to the 1-dimensional space of

bit-flips
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The physical operations are total

In quantum theory, the physical operations are the trace-preserving ones:

=L

⇝ the physical stabiliser operations are the total relations!
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Summary of results

Full definability

For all typed environments Γ and ∆ and morphisms f : JΓK → J∆K in ARqc, there

exists a well-formed judgement Γ ⊢ c ▷∆ such that

Full abstraction

Well-formed judgements c and d are observationally equivalent if and only if their

denotations are equal JcK = JdK.
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Future work

• How do we recover this semantics for the qubit case? What about bosonic

quantum computing?

• How do we go beyond affine classical control?

• How can we use these semantics for fault-tolerant compilation? What is the

compositional / algebraic / combinatorial structure of fault-tolerance?
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Abstract
The stabiliser fragment of quantum theory is a foundational building block for quantum error
correction and the fault-tolerant compilation of quantum programs. In this article, we develop
a sound, universal and complete denotational semantics for stabiliser operations which include
measurement and classical control and in which quantum error-correcting codes are first-class objects.
The operations are interpreted as certain affine relations, offering a significantly simpler alternative
to the standard operator-algebraic semantics of quantum programs.
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1 Introduction

The problem of compiling quantum algorithms into fault-tolerant hardware-level instructions
is a central challenge in the design of scalable quantum systems [10, 3, 32]. Although
the stabiliser fragment of quantum mechanics can be simulated efficiently on a classical
computer [2, 28], it nevertheless forms the theoretical basis for much of quantum error
correction (QEC) [22]. In particular, using techniques such as magic state injection [7], the
stabiliser fragment can be bootstrapped to enable universal quantum computation, exploiting
the error-correcting properties of the stabiliser fragment to guarantee fault-tolerance. For
fault-tolerant compilation to scale, we need a better understanding of the compositional
structure of fault-tolerance, and therefore of the stabiliser fragment.

In this article, we develop a denotational semantics for quantum programs built from
stabiliser operations, including Clifford operators, Pauli errors, Pauli measurement and
classically-controlled Pauli operators. In other words, we introduce a formal setting to
reason about the fault-tolerance properties of quantum programs. This framework draws
from two lines of work: the categorical semantics of quantum programming languages and
quantum computing [41, 40, 39, 27]; and the symplectic representation of pure stabiliser
circuits [24, 31, 26, 15, 6]. Ultimately, our goal is to support the development of formally
verified fault-tolerant quantum compilers based on the stabiliser fragment, integrating current
approaches to compilation [17, 16, 25, 34] and verification [37, 12, 29, 45, 43, 19, 33, 36].
We hope that our compositional framework for fault-tolerance can be integrated into more
computationally expressive quantum programming languages [23, 20].
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The symplectic rosetta stone

γ : Fn
2 ⊕ Fn

2 −→ Pn

(x |z) 7−→
n∏

j=1

X
xj
j Z

zj
j

so that γ(s|t)γ(x |z) = e iπs
T zγ(s + x |t + z)

Stabiliser Symplectic

Product: γ(s|t) γ(x |z) Sum: (s + x | t + z)

Commuting Paulis sT z + tT x = 0

Subgroup of Pn Subspace of Fn
2 ⊕ Fn

2

Abelian subgroup Isotropic subspace

Maximal abelian subgroup Lagrangian subspace

Signs Subspace character: ⟨v , ·⟩ (affine part)
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